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Abstract. We define a set of "enhanced" nilpotent quiver representations 
that generalizes the enhanced nilpotent cone. This set admits an action by an 
associated algebraic group K with finitely many orbits. We define a combina- 
torial set that parametrizes the set of orbits under this action and we derive a 
purely combinatorial formula for the dimension of an orbit. 



1. Introduction 

1.1. The enhanced nilpotent cone. In his study of the exotic Springer cor- 
respondence in |4] and the exotic Dehgne-Langlands correspondence in 5j, Kato 
introduces an object that he calls the exotic nilpotent cone. If f7 is a 2fc-diinensional 
symplectic vector space, let iVo denote the set of nilpotent self-adjoint endonior- 
phisms of U. The exotic nilpotent cone is the set U x iVo and it admits a natural 
action by if = Sp{U). 

It has long been known that if W is the Weyl group of type Ck then the set 
W of equivalence classes of irreducible representations of W is in bijection with 
the set of pairs (/i; i^) of partitions such that + = k. Kato showed that this 
set of "bipartitions of size k" is also naturally in bijection with K \ {U x Nq), the 
set of orbits of i^T on [/ x A^qi which gives an alternative parametrization of W by 
K\{UxNo). 

There are two enhanced nilpotent cones closely associated to the exotic nilpotent 
cone. If I^ is a linear space and Af{V) denotes the set of nilpotent linear endomor- 
phisms of V then the enhanced nilpotent cone of V is the set VxAf{V). It is easy to 
see that if y is a Lagrangian subspace of U then V x Af{V) C U x Nq CI U x M{U). 
On each of these varieties there is a natural group action, namely 

• GL{V) acts on F X U{V), 

• Sp{U) acts on [/ X iVo, 

• GL{U) acts on U xN{U). 

Travkin proves in [7] that GL{y) \ (V" x M{V)) is parametrized by the set of 
bipartitions of size k, so GL{U) \{U x Af{U)) is parametrized by the set of bipar- 
titions of size 2k. Achar and Henderson independently prove the same result in 
[T], going on to show that there is a natural embedding GL{V) C Sp{U) C GL{U) 
and that these three parametrizations have the important compatibility property 
given below. In the statement that follows, let /i U /i denote the partition of size 2k 
obtained from /x by doubling the multiplicity of each row. 
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Theorem 1.1. (Achar- Henderson) IJ{^,]v) is a bipartition andO^^-^ and O^^-^i, de- 
note the corresponding enhanced and exotic orbits, respectively, then Ofj^-^ C O^-^ C 

Since each of these actions yields finitely many orbits and the groups acting are 
algebraic, we have the natural partial order on orbits defined by closure. That is, 
we can say that Ofj^.^, < O^i-^i if and only if O^;!/ is contained in the Zariski closure 
of O^'-i,'. Achar and Henderson define a combinatorial partial order < on the set 
of bipartitions of size k and prove the following. 

Theorem 1.2. (Achar-Henderson) The following are equivalent: 

(1) (m;^^)<>>') 

(2) O^,, c O^v' 

(3) O^;, c O^,.,, 

Henderson has proved in [3] that, for each A, O0.^ has the same intersection 
cohomology as Oi^.^, with all degrees doubled. He and Achar conjecture in [1] that 
the same holds for all bipartitions (/k; v) and they also outline a programme for 
investigating this conjecture. 

1.2. Nilpotent cyclic quiver representations. Achar-Henderson's parametriza- 
tion begins with the well-known fact that if is a finite-dimensional linear space 
then the Jordan normal form parametrizes the conjugacy classes of nilpotent ma- 
trices. Since the Jordan form of a nilpotent matrix corresponds to a partition of 
size k = dim V, there is a natural bijection 

{partitions of size k} < — > {conjugacy classes in Af{V)}. 

Furthermore, ^J'{V) embeds in V x M{V) as {0} x JV{V) and the set of partitions 
embeds in the set of bipartitions via v i— ^ (S);v) in such a way Oi, = Ob:,/. In 
other words, the parameter set reduces to the classical parametrization when the 
enhanced nilpotent orbits are just ordinary nilpotent orbits in disguise. 

On the other hand, we can generalize the nilpotent cone in another way. Let T 
be a cyclic quiver of order n. We can view T as the set X = Z/nZ with directed 
edges ei = {i,i + [l]),i & X. A representation of F assigns to each i & X a finite- 
dimensional vector space Vi and a linear transformation Xi G Hom(T^i, We 
say that such a representation is nilpotent if X[„_i] o • • • o a;[i] o xjoj G End(V[o]) is 
nilpotent. 

If we fix Vi for each i € X, we can consider the set M of nilpotent quiver repre- 
sentations of F with the chosen underlying vector spaces. Then K = Hiex GL{Vi) 
naturally acts onV = Yii^x hence on J\f by conjugation. Thus, we can consider 
the problem of parametrizing the set K\J^ of orbits of this action. Kempken solves 
this problem in [6] for the case of a cyclic graph, showing that these orbits are 
parametrized by a generalization of the classical notion of partition, which we will 
call "colored partitions." In addition, Kempken presents a combinatorial descrip- 
tion of the closure order in K\N'. In sections [2 and [s] we present a full exposition 
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of the parametrization, culminating in theorem 

The case where F is a 2-cycle is of particular interest. If G is the real Lie group 
U{p,q), with Lie algebra g = u{p,q), then the set of nilpotent adjoint orbits in 
g is parametrized by the set of signed (2-colored) partitions of signature (p, q) in, 
e.g., [2]. On the other hand, if K = GL{p,C) x GL{q,C) and N = {{x,y) \ x : 
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CjU : C — > are linear with x o y nilpotent} then the Kostant-Sekiguchi 
bijection is a natural one-to-one correspondence between the set of nilpotent adjoint 
orbits and K\Af. Thus, we can view the set of adjoint orbits as a set of orbits of 
quiver representations over a cyclic graph of order 2. 

1.3. Main results. The objective of this paper is to present a framework that 
generalizes both of these constructions. We "enhance" the set of nilpotent quiver 
representations of a cyclic graph by taking its product with the natural representa- 
tion Vi of K, for some i G X. K naturally acts on ViXAf with finitely many orbits. 
In fact, we will take the product of A/" with the slightly larger space V = Uiex ^« 
that includes Vj for each i G X. 

we show that the set K\{V x Af) of orbits is finite and is 



In theorem 
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parametrized by the set of "striped n-bipartitions" defined in section |4.1| Essen- 
tially, a striped n-bipartition is a partition that is colored to reflect the quiver 
structure and also divided in two parts, each of which is a natural deformation of 
a partition. As a consequence, we obtain a parametrization of K\{Vi x JV). 

In the case n = 1 the set of striped n-bipartitions reduces precisely to the set of 
bipartitions, yielding the Achar-Henderson parametrization. On the other hand, we 
have the natural embedding {Q}xJV C VxJ\f and we will show that the parameters 
that correspond to orbits in {0} xAf can be viewed as colored partitions in a natural 
way that reduces to the usual parametrization of K\Af. 

Lastly, we derive formulas for computing the dimension of an orbit given its 
corresponding striped n-bipartition. These formulas quickly reduce to the formulas 
that have been given by Achar-Henderson and Kempken. We are particularly inter- 
ested in the case n = 2 discussed above. In this setting, the striped n-bipartitions 
yield especially simple dimension formulas, which are included as corollaries |5.7[ 



5.8[ and 5.9 With this framework in place, we will be in a position to explore the 



closure order — a topic that will be covered in a future paper. 

2. Colored vector spaces 

Most of the constructions in this paper rely on the notion of a colored vector 
space. In this section we introduce colored vector spaces and we develop their basic 
structure, including a few properties of their automorphisms and endomorphisms. 
This section is elementary in nature, so few proofs are included. In most cases, the 
claims are explicit enough to suggest a proof. 

2.1. Notation. Throughout this paper we fix the following notational conventions, 
most of which are standard. 

(1) Z is the additive group of integers and Z-*^ is the set of nonnegative integers. 

(2) N is the additive semigroup of positive integers. 

(3) R and C are the fields of real and complex numbers, respectively. 

(4) rt is a fixed positive integer. 

(5) If k is an integer then Z/fcZ is the usual quotient group, the cyclic group 
with k elements. If i e Z then we write [i] = i -I- fcZ £ Z/fcZ. To prevent 
notational clutter, if < i < A: then we will write i rather than [i] whenever 
we can do so unambiguously. If we need to be more explicit in choosing 
a particular representative of [i], we will write (i) or {[i]) to denote the 
smallest nonnegative element of [i]. 

(6) [-J is the floor function: [x\ — max{y G Z | ?/ < x}. 
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(7) [•] is the ceiling function: \x~\ = min{y € Z | y > x}. 

(8) If is a finite-dimensional linear space then End(VF) is the set of linear 
endomorphisms of W and GL{W) denotes the group of invertible elements 
of End(W). 

(9) li V € W in ii vector then (w) is the linear span of v in W. If U C W is a, 
nonempty subset then (U) is defined similarly. 

(10) If A and B are subspaces of W then A + B = {Au B). 

2.2. Colored vector spaces. Let ^ be a finite-dimensional vector space over 
a field F with (not necessarily nonzero) vector subspaces Vi,. . . ,Vn C V such 
that V = Vi (B ■ ■ ■ (B Vn- The tuple (V, Vi, . . . , V„) is an n- colored vector space. 
Throughout this paper the symbol V will refer to the vector space V, together 
with the prescribed colored structure. We will refer to the elements of {1, . . . ,n} 
as colors. If W C V is a subset, we may write Wj = Wr\Vi. 

Definition 2.1. If C F is an arbitrary subset, the signature of W is the function 
^(W) : {l,...,n} ->■ Z defined by ^i{W) = dim((iy).). Observe that ^{W) = 

n 

Lemma 2.2. If W C V is a subspace then dimW > ^ii{W). If U C W then 
^i{U) < ^i{W) for each i. 

Definition 2.3. We say that a subspace W C V is colored if dim W = J27=i 

A vector v & V is colored if (v) is colored. A finite subset of V is colored if each of 

its elements is colored. 

We can think of colored subspaces as those that lie "squarely" in V, relative to 
Vi, . . . ,Vn. For example, if V = with Vi and V2 the two coordinate axes then 
{V, Vi, V2) is a colored vector space. In this case, the only colored subspaces of V 
are 0, Vi, V2, and V. On the other hand, if n = 1 and V = M.'^ then we have the 
colored vector space (V, V) and each subspace of V is colored. 

Lemma 2.4. 

(1) V is colored with ^i{V) = dimVj. 

(2) OcV is colored with £,i{0) = 0. 

(3) IfWcV is a subspace then Wi -!-•••+ W„ is the largest colored subspace 
of W and ^(W) = ^{Wi + --- + Wn). 

Proposition 2.5. IfW is a subspace ofV then the following are equivalent. 

(1) W is colored, 

(2) W = Wi + ---+Wn, 

(3) {W. Wi, . . . , Wn) is a colored vector space, 

(4) W has a colored basis, 

(5) Each w G.W can be written (uniquely) as w = wi-\ \-Wn, with Wi € Wj. 

(6) IfweW is written w = wi -\ + w„ with Wi GVi then Wi G W. 

Corollary 2.6. If W C V is a subspace then there is a colored subspace U C V 

such that V Q)W. 

Proof. Let U be any colored subspace such that U + W = V. We know that such 
U exist because V is an example. The proposition guarantees a colored basis B for 
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U . We may also choose any basis A of W . II U {^W ^ Q then there is a nontrivial 
dependence relation among the elements of A^JB. Since A\b a. linearly independent 
set, this dependence relation must nontrivially include an element v £ B. Clearly, 
U' ^ {B\ {v}) is colored with U + W = V and dim U' < dim U. The result follows 
by induction. □ 

n 

Corollary 2.7. The set of colored vectors in V is precisely V — l^Vi. 

i=l 

Definition 2.8. We define the "color" function x ■ ^\{0} {1, ■■•,"■} by x(w) — 
i, where v € Vi. 

We mention here some standard results that we will use immediately. 
Lemma 2.9. 

(1) If A,B CV are subspaces then dim An B + dim{A + B) = dimA + dimB. 

(2) Assume that {ai}°^i and '^^^ sequences of real numbers satisfying 
o-i < bi for each i G N. // the series X^i^i '^i '^'^^ Si^i '^''^ each conver- 
gent and their sums are equal then Qi = bi for each i. 

Lemma 2.10. If A, B C V are colored subspaces then AnB and A + B are colored 
andC{A + B)+^{AnB) ^^{A)+^{B). IfAnB = then C{A® B) ^^{A)+^{B). 

Proof. Obviously, {A n B), = Ai n Bi and Ai + Bi C {A + B)i, so 

71 n 

dim A + dim B ^ ( A) + ^ {B) 

1=1 1=1 

n 

= Y.UA)+^,{B)) 

n 

= ^(dim(yl,)+dim(SO) 

n 

= {dim{A, n B,) + dim{A, + Bi)) 

i=l 

n n 

<J2UAriB) + J2m + B) 

i=l i^l 

n 

< dim{A r\B)+J2 + B) 

i=l 

< dim{A nB) + dim{A + B). 
= dim A + dim i?, 

so by lemma [Z!9| each inequality above is an equality and all of the claims follow. □ 

Lemma 2.11. If A C V is a colored subspace then {V/A,Vi/Ai, . . . ,Vn/An) is a 
colored vector space, with ^(V/A) = ^{V)~S,{A) . If W is a subspace ofV containing 
A then W is colored if and only if W/A is colored. 

Strictly speaking, in the above lemma Vi/Ai should be interpreted as {Vi + A)/A, 
but the isomorphism is clear. 
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Lemma 2.12. A subset B C V is a colored basis ofV if and only if Bi is a basis 
of Vi for each i. 

2.3. Colored change of basis. K = GL{Vi) x • • • x GL{Vn) C GL{V) acts on 
V, preserving Vi. The orbits are parametrized by the power set of {!,... ,ri}, so 
there are 2" orbits. If w S ^ is written a.s v = vi + ■ ■ ■ + Vn, with Vi e Vi, then the 
corresponding set is {i \ Vi 0}. 

More generaUy, K acts on the set of subspaces of V. In fact, ii k G K then 
X(fc • v) = for all colored v. Therefore, ^{W) — ^{k ■ W), so W is colored if 
and only ii k ■ W is colored. We conclude that this action restricts to a signature- 
preserving action on colored subspaces. We wish to parametrize the orbits of this 
action — a task that will be easier once we have established a definition, motivated 

bye 

Definition 2.13. A signature is a function / : {1, . . . ,n} — > Z-^. We define the 
size of / by |/| — J2^=i /(*)■ If / ^-^id g are signatures then wc say that f < g ii 
f{i) < gii) for each i. 
Lemma 2.14. 

(1) The set of signatures is a monoid partially ordered by <. 

(2) // /, g, and h are signatures then f < g if and only if f + h < g + h. 

(3) If f < g are signatures then \ f\ < \g\. 

(4) // / and g are signatures with f < g then \ f\ — \g\ if and only if f = g. 

Lemma 2.15. If W C V is a subspace then 

(1) S,{W) is a signature. 

(2) W is colored if and only if |^(T4^)| = dimll^. 

(3) IfU CW then $([/) < ^{W). 

(4) If U d W are subspaces satisfying S,{U) = ^{W) and W is colored then 
U = W. 

(5) If f l£ C(I^) "i-s 0, signature then there is a colored subspace U <Z W such 
that ^{U) = /. 

Proposition 2.16. The set of orbits of the K-action on the set of subspaces of 
V is parametrized by signatures f < C{V). That is, if U and W are colored then 
they are K -conjugate if and only if £,{U) = S,{W). In particular, the set of orbits is 
finite. 

This statement can be generalized further. If = /o < /i < • • • < /r = C(^) is a 
chain of signatures then we can apply the above lemma to build a chain of colored 
subspaces = Wq C • • • C Wr = V with ^(W^fc) = fk- K naturally acts on such 
colored partial flags and we might ask what the orbits are. This is straightforward, 
summarized in the following proposition, which is an immediate consequence of 
proposition |2.18| 

Proposition 2.17. The set of K -orbits on partial flags of colored subspaces is finite 
and is parametrized by chains = fo < fi < ■ ■ ■ < fr = ^.iV) of signatures. That 
is, two colored partial flags = Wq Wr-^ = V and — Uq C. ■ ■ ■ C. Ur-, — V 

are K-conjugate if and only if ri — r2 and ^{Wk) — C{Uk) for each k. 

Proposition 2.18. If B = {v,j G Vi \ 1 < i < n,l < j < dimF,} and B' = {v'^ j G 
I 1 < i < n, 1 < j < dimT^j} are colored bases ofV then the automorphism ofV 
defined by Vij i— )■ v'^ ^ is in K. 
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2.4. Colored endomorphisms. 

Definition 2.19. x £ End(y) is colored if xv is colored for every colored v G V. 

Proposition 2.20. If x & End{V) then the following are equivalent: 

(1) X is colored, 

(2) xW is colored for every colored subspace W , 

(3) There is a function a : {1, . . . , n} — >■ {1, . . . , n} such that xVi C V^(i,y 
Proof. 

(3) => (1) is obvious. In fact, x(a;i') = cr(x(w)) if botli vectors are nonzero. 

(2) =^ (1) is also immediate, for if v is colored then {v) is colored, hence 
x {v) = {xv) is colored. 

(1) (2) follows once we have chosen a colored basis for W. 

(1) (3) is proved by contrapositivc. Fix i G {!,..., n}. If xVi ^ then 

there are v,w € Vi such that xv and xw are nonzero and colored. If x(2;f ) ^ xC^^w) 
then v + w is colored but x{v + w) = xv + xw is not. Therefore, x is not colored. □ 

If xVi C Vo.(i) for each i then we may say that x G End{V) is a-colored. The set 
of all cr-colored endomorphisms of is a linear space and contains w^/'o■, the cone of 
nilpotent a-colored endomorphisms of V. Note that the map a; i-^- cr is well-defined 
only to the extent that xVi / 0. That is, if xVi = then a{i) may be arbitrary. 
Otherwise, xVi is well-defined. This shows that Afa n J\f„' is not empty. In fact, 
the zero transformation is in J\f„ for each a. If cr is the identity function and x is 
a-colored then we say that x is trivially colored. Clearly, K is precisely the set of 
trivially colored automorphisms of V. 

The equivalence of (1) and (3) brings us back to quiver representations. Since 
a : {1, . . . , n} — > {1, . . . , n}, we can think of a as a functional graph. That is, the 
vertices are elements of {!,..., n} and the edges are precisely the pairs (i,a(i)). 
The proposition shows that x is a-colored if and only if x can be thought of as a 
quiver representation of a with linear spaces Vi and maps x\v, ■ Vi ^ Va^i)- While 
we are really concerned with the case where a is an n-cycle, there are a few results 
that we can prove if a is not so specialized. With this perspective in mind, we can 
think of a colored subspace W as simply a choice of (Wi, . . . , W„), with Wi C Vi. 

One nice property possessed by representations of functional graphs as opposed 
to more general quivers is that there is a clear notion of nilpotency that coincides 
with our usual understanding of nilpotency. Since each vertex has exactly one 
outgoing edge we can choose bases for Vi and write the quiver representation as a 
matrix A. The representation is nilpotent if A is nilpotent. 

Lemma 2.21. If x € End(V') is a-colored and y £ End(V) is r-colored then xy is 
ar-colored. In particular, x'^ is a'^ -colored. 

Proof {xy)V^ = x{yVi) C C K7(r(j)) = Vard)- n 

Proposition 2.22. Assume that W is colored and that x G EndV is a-colored, 
with a injective. Then 

(1) kerx is colored. 

(2) x~^{W) is colored. 

(3) ^^i^){xiW)) ^ U{W) - Ui^evxnW). 

(4) ^aim){W) = U{x-'{W)) - UO^eix). 
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Proof. To prove (2) let v G x^^{W) and write f = fi + • • • + w„ with Vi E Vi. Then 

XV = xvi H + xvn is a decomposition with xvi € ^^.(i)- Since W is colored and 

XV €W we conclude that xvi e W, hence Vi e x~^{W). To prove (1) simply apply 

(2) to = 0. 

Formula (3) is a simple application of the rank-nullity theorem to Injec- 
tivity of (7 is required to ensure that Wcr(m) <^ x{W) = x{Wm,)- Formula (4) is just 

(3) applied to .T-i(Vr). □ 

Corollary 2.23. Ifx is colored and invertible then x is a-colored for some bijective 
a and is -colored. 

Proof. Let dimt^i^ be maximal. Since x is invertible, ct(?o) is well-defined and 
dmix{Vi^^) = dimVi„. But x{Vi„) C Va-{if^) and dim T//,, is maximal, so dimVo-(i(,) = 
dimV;^. Inductively, if 7^ then dimV'^(j) = dimV^. If 1^ = then we may 
choose (t(«) = i. Invertibility of x guarantees that a is invertible and the rest 
follows from (2). □ 

Lemma 2.24. // x is a-colored and A C V is an x-stahle colored subspace then 
x\a is a-colored relative to {A, Ai, . . . , An). The quotient endomorphism x : V/A — )■ 
V/A is well-defined and is a-colored relative to {V/A, Vi/Ai,. . . , Vn/An). 

From this point on, we will assume that a{n) = 1 and a{i) = i -\- 1 for i n, so a 
is the cyclic graph of order n. With this assumption, we suppress the dependence 
on a and write Af = Ma- When we say that an endomorphism is colored, we will 
just assume that it is cr-colored. We call M the colored nilpotent cone of V. The 
natural action of ii" on y induces a change-of-basis (conjugation) action on M. We 
wish to classify the set K\N' of if -orbits on M. That is, ii Ox = K ■ x is the orbit 
that contains x and y G J\f is arbitrary, we seek simple criteria for determining if 

For ease of notation, we think of the set {1, . . . , n} of colors as the group Z/nZ, 
so a{i) = i -I- [1]. As was mentioned in the subsection on notation, we will choose 
as the preferred representative of [n]. 

3. The colored nilpotent cone 

In this section we introduce the concept of a colored Jordan basis for a colored 
nilpotent endomorphism of V. This immediately leads to the notion of a colored 
partition. We show that the colored Jordan basis gives a bijection between K\J\f 
and an appropriate set of colored partitions. 

3.1. Colored Jordan bases. 

Definition 3.1. If x € End(F) and W C V is any nonempty subset then we say 

that W is x-.stable if x{W) C {W U {0}). 

Note that if is a subspace (or any other set containing 0) then W is x-stable 
if and only if x{W) C W. 

Definition 3.2. If a; G End(y) is nilpotent then a Jordan basis for x is an a;-stable 

basis of V that contains a basis of ker.T. 

Definition 3.3. A partition is a function A : N — ^ Z-° such that > Aj+i for 
each i and Aj = for some i. We define the size of A by |A| = X^i^i ^ that 
is clearly finite, and the length of A by Z(A) = #{i e N | Aj > 0}. 
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Lemma 3.4. A basis B of V is a Jordan basis for a nilpotent x G End(V^) if and 
only if there is a (necessarily unique) partition X with |A| = dimT^ such that the 
elements of B can be labeled Vij with the following properties: 

(1) 1<*</(A), 

(2) l<j< K, 

(3) // j > 1 then xvij = 

(4) xv.^i = 0, 

(5) Z(A) = dimkera;. 

Proof. Assume that ;B is a Jordan basis for x. Since x is nilpotent, there is some 
V G B with XV — 0. By cardinahty it cannot be the case that x : B ^ B U {0} 
is surjective, hence B \ xB is nonempty. Let vi, . . . ,Vr be the elements oi B\ xB. 
Set Xi = min{fc | x'^Vi = 0}. By reordering, we may assume that > A^+i. Set 
Vi^Xi — Vi and Vi,j = x^^^^Vi^x.. Uniqueness of A and the reverse implication should 
be clear, for if A* is the transpose partition then X]i=i ^1 = dimkera;'^. □ 



These properties of Jordan bases, as well as several that follow, are classical; the 
important fact is that we can treat Jordan bases in the usual way, even when we 
make the additional assumption that the basis is colored. Colored Jordan bases 
will be central to many of the constructions we present throughout this paper. 

Lemma 3.5. Let x Cz JV and assume that A, B are x-stable colored subspaces of 
V with A n B = 0. If A,B are colored Jordan bases for x\a and x\b, respectively, 
then Ayj B is a colored Jordan basis for xIabb- 

Lemma 3.6. Let B be a colored Jordan basis for x € Af and let A G B be x-stable. 
If A ~ Span A then 

(1) A is x-stable and colored; 

(2) A is a colored Jordan basis for x\a. 

(3) B\A is a colored Jordan basis for x\y/A. That is, {a-\- A \ a (z B\ A} is a 
colored Jordan basis for x\y/a- 

3.2. Colored partitions. In the same way that a Jordan basis naturally leads to 
a partition, a colored Jordan basis naturally leads to a colored partition. Suppose 
that x € N has a Jordan basis B = {vi^j}, labeled as in lemma 3.13 that is colored. 



From definition 2.8 we have the color function x, whose codomain we now think of 
as Z/nZ. If < j < A^ then x(^i.j) = x{x'^i,j+i) — x(^jj+i) + [!]• Inductively, 
then, xi'^ij) = x(^i,Ai) + W ~ ]]■ This equation shows that xi^i.j) is completely 
determined by the pair (A, e), where = x{vi^\^) whenever 1 < i < Z(A). Note that 
if A; = Xj and e.^ ^ Cj then we can interchange the roles of i and j, obtaining a new 
labeling of the same basis. This leads to the following definition. 

Definition 3.7. A k-colored partition is a pair (A,e), where A is a partition and 
e : N — >■ Z/kZ is a function such that for each m G Z/fcZ there are infinitely many 
i with ei — m. If i G N then the pair (Ai, e^) is the «th row of (A, e) and this row 
has length Xi and color e^. Two fc-colored partitions are equivalent if one can be 
obtained from the other by permuting rows of the same length. The size and length 
of (A, e) are inherited from A. 

The requirement that there are infinitely many i with = m is a technical 
convention whose main consequence is to make certain constructions notationally 
easier. It also ensures that there are only finitely many equivalence classes of colored 
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partitions of a given size. It also means that in most settings we can disregard the 
value of if = 0, thinking of (A, e) as a pair of finite tuples. As n is distinguished 
throughout this paper, we may refer to an n-colored partition as simply a "colored 
partition." 

We visualize a colored partition by drawing the (left-justified) Young diagram 
for A and labeling the rightmost box in row i with Cj. Labels then increase by 1 
(mod n) from right to left across rows, so the color of the box in row i (counting 
from the top) and column j (counting from the left) is given by ej + [Aj — j] . It is 
clear that the construction works in reverse: each diagram constructed in this way 
comes from a unique colored partition. Two of these colored Young diagrams are 
equivalent if one can be obtained from the other by reordering rows of the same 
length. 

Definition 3.8. The signature of a colored partition (A, e) is the function ^(A, e) : 
Z/nZ ^ Z^o defined by U(A,e) - #{(«,j) | 1 < j < A„ e, + [A, - j] ^ m}. For 
a fixed signature / let Vf denote the (finite) set of equivalence classes of colored 
partitions of signature /. When writing it down, we may think of ^(A, e) as the 
tuple (^o(A,e),...,^„_i(A,e)). 



Figure 1. A 3-colorcd partition of signature (6,7,5). In this ex- 
ample we have A = (5, 4, 4, 2, 2, 1) and e = (0, 0, 2, 1, 0, 1). 
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Definition 3.9. Let (A, e) be a colored partition with ^(A, e) = S,{V). We say that 
a basis B = {vij} of V is of type (A, e) if for each Vij £ B we have 

(1) 1 < i < 

(2) l<j<A„ 

(3) X{vi,j) = ez + [K - j]- 

Strictly speaking, it is the labeled set B that is of type (A, e). However, the 
terminology given has the advantage of brevity. The colored Young diagram is 
a convenient way to visualize B. The coordinate {i,j) gives a color-preserving 
bijection between the boxes of the diagram and the elements of B, so we may think 
of the boxes as elements of B. If B happens to be a Jordan basis of x GJ\f then we 
can visualize the action of x as sending each box to the one immediately to its left. 
Boxes in the leftmost column are sent to zero. 

Lemma 3.10. // (A, e) is a colored partition of signature S,(V) then 

(1) If B is any colored basis of V then the elements of B can be labeled to 
make B = {vij} a basis of type (A, e); 



ENHANCED NILPOTENT REPRESENTATIONS OF A CYCLIC QUIVER 



11 



(2) If B = {vij} is a basis of type (A, e) then B is a colored Jordan basis for x, 
where x is the colored endomorphism of V defined by 

jo j = 1, 

[vi,j-i 3>1; 

(3) If X is defined as in (2) and we define 0\^e = then (A, e) 0\^e is a 

well-defined map from V^{v) into K\Af. 

We will see in the next section that the map (A, e) i-^ (!?A,e : ^f(y) ~^ K\J^ is a 
bijection. For now, we observe that the boxes in the leftmost column of the colored 
Young diagram form a basis of kcra;. Similarly, the boxes in the first k columns 
form a basis of kera;*^. We define Sfe(x) = ^(kcra;'^), the signature of the first k 
columns of the colored Young diagram corresponding to x. The signatures s^ are 
important combinatorial data that will be scon to completely characterize orbits. 

More generally, let A : N — ^ Z-° be any function with finite support and let e be 
as in the definition above. We can similarly visualize (A, e), though the rows may not 
be in descending order and there may be gaps to indicate i with Aj = 0. The group 
of permutations of N acts on the set of such pairs (A, e) bycr-(A,e) = (Aoa~^, eocr~^). 
Each orbit of this action contains a colored partition and if A and A o a are both 
partitions then A o cr = A. In other words, if two colored partitions are in the 
same orbit then one can be transformed into the other by reordering rows of the 
same length. Therefore, each orbit contains a unique equivalence class of colored 
partitions. 

While there is no need to introduce this level of generality here, certain construc- 
tions later are simpler in this context. They will begin with a colored partition and 
produce an object that may not be a colored partition but is equivalent to a colored 
partition. The description above gives us a well-defined (up to equivalence) way of 
building a colored partition from such an object. 

Lemma 3.11. If (A, e) is a colored partition and m G Z/nZ then 

'Xi - (m - Ci)' 



n 



a formula that is invariant under the action of each permutation aofN. 
3.3. The colored Jordan normed form. 

Definition 3.12. Fix {v, x) €Vx End{V). We write F[a;](f ) to denote the smallest 
x-stable subspacc of V containing v. If x'^v = for some k G Z-°, let dx{v) be the 
smallest such k. 

Lemma 3.13. Let {v,x) e V satisfy x'^v = for some k £ N. If By^^ = {x''v \ 
< k < dx{v)} then 

(1) By^x is a Jordan basis for x\rix](v) > so dx{v) = dim¥[x]{v) < dimV. 

(2) ¥[x]{w) C ¥[x]{v) if and only if w G F[.t](w). 

(3) The x-stable subspaces of ¥[x]{v) are precisely x''¥[x]{v) = ¥[x]{x''v) = 
ker(a;'*«('')-') nF[a;](u),0 < i < dxiv), with dimF[a;](a;^w) = dx{v) - i. 

(4) If V is colored then B,a,x is colored, so ¥[x]{v) is colored. 

(5) If¥[x]{v) is colored then there is a colored vector w such that ¥[x]{w) = 
¥[x]{v). If w' is another such vector then x(w') = x('"^')- 
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(6) If w ^ ¥[x]{v) then there exists v' & V such that ¥[x]{v') = ¥[x]{v) and 
w e By'^x- If^[x]{v) is colored and w is colored then we may choose v' to 
be colored. 

Proof. Since v and x are fixed, we will set d = dx{v) throughout the proof to 
simplify notation. 

(1) It is clear that By^^ must be contained in any x-stable subspace of V contain- 
ing V. The set B^^x is a;-stablo because x'^v — 0, so its span must be F[.t](w). 
We prove linear independence by induction on d. If YljZo o-jX^v = then 

d-l d-2 

= a; OjX-'v = ajX-' (xv). 
j=o j=o 

By induction, we must have aj = for each j < d — 1. Therefore, 
ad-ix'''~^v = 0, hence a^-i = 0. The rest follows immediately. 

(2) This is obvious. 

(3) From (1) the given spaces arc x-stable and dimF[x](x*w) = d — i. Let 
w e ¥[x]{v) with d' = dx{w). Write w = Yfj=i ajx'^'^v. Then 

d d 

= x'^'w = Y^ajx'^+'^'-^v= J2 ajX^'+'^'-^v. 

3 = 1 j=d'+l 

Linear independence implies that ad'+i = • • • = ad = 0, so 

d' d' 

w = ^ajx'^-^v = ^ajx'^'-'{x'^-'^'v). 

Therefore, w e ¥[x]{x'^-'^' v). Since dimF[a;](a;'^-'''i;) = dx{w) we must have 
¥[x]{x'^-'^' v) =¥[x]{w). 

(4) x'v G 

(5) Write v = vi + ■ ■ ■ + Vn with Vm G Kn- There must be some r such that 
dx{vr) > dx{v). Since F[x](w) is colored, we may set w = Vr & ¥[x]{v). 
Then dx{vr) = d\m¥[x]{vr) < dimF[a:](u) = dx{v), hence dx{vr) = dx{v) 
and we apply (3). Uniqueness of r follows immediately from the fact that 
kera;|]f[j,](^) is a one-dimensional colored subspace. 

(6) If W = Yl'j = l "'j^'''^' -jj^-fd-d jj-^ j-g-j^ gj^-j- ^/ _ ^^^^ CljX'^ ^h). To piovc 

the last claim we first observe that, since F[a;](i') is colored, we may assume 
that V is colored. In the above expression for w, the indices j such that 
flj 7^ must all be congruent modulo n. This congruence must also hold in 
the expression for v' , so v' is colored. □ 

Proposition 3.14. Each element of M admits a colored Jordan basis. 

Proof. Fix x G Af. Choose v G V such that dx{v) is maximal and decompose 
V = Vi + ■ ■ ■ + Vn- There is a A; such that dx{vk) = dx{v). By relabeling, then, we 
may assume that v is colored, soW = ¥[x]{v) is colored and a;-stable with a colored 
Jordan basis Bv,x. 

Inductively assume that C F is an cc-stable colored subspace that admits a 
colored Jordan basis. That is, there exist colored vectors vi,.. .,Vr such that |J By^^x 
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is a basis of W. Assume further that if x : V/W — > V/W is the map induced by x 
then dx{vi) > d^{w) for each ui € V/W. Note that clearly dx{w) > d^{w). 

Let ui be a colored vector with dx{w) maximal. Then W H F[a;](w) is an x- 
stable colored subspace of F[x](w), hence W^nF[a;](u') = '¥[x]{x^w) for som e k > 0. 
Write x'^w — '^Ui, with Ui G F[x](ui). By applying (6) from lemma 3.13 to 
Ui € F[a::](wi) we may write x'^w = X^j^'^'^i- Now, dx{vi) — ki — dx{x^'vi) < 
dx{x*'w) — dx{w) — k and we have ki — k > dx(vi) — dx{w) > 0. Therefore, 
we can set Vr+i = w ~ Yji^^'^^'^i- Then W + F[a;](ur+i) = W + ¥[x]{'w) and 
dx{vr+i) — dx{w). Furthermore, the construction ensures that w^+i is colored, so 
{U^vi,x) U is a colored Jordan basis for W ® F[x](w) and dx{vi) > dx{w) 

for each w G V/ {W F[a:](?i')), which completes the induction. □ 

If X has a colored Jordan basis of type (A, e) then we may refer to (the equivalence 
class of) (A, e) as the colored Jordan type of x. We will shortly see that this is well- 
defined. With this terminology in mind, the proposition and its proof give us the 
following: 

Corollary 3.15. If vq Cz V is colored and satisfies dx{vo) > dx{v) for each v 
then Wq — ¥[x\{vq) has an x- stable colored complement W and x\w has the same 
colored Jordan type as x\v/Wo- 



Theorem 3.16. The map (A, e) i-> Ox^^ : V^^y) ~^ K\M defined in lemma 3.10 is 
a bijection. That is, if x (z Af has a colored Jordan basis of type (A, e) and y e 
has a colored Jordan basis of type {a,f3) then any (A, e) and (a,/?) are equivalent. 
Each colored partition of signature £,{V) is the type of a colored Jordan basis for 
some X e Af. Moreover, if x,y <E N then Oy — Ox if and only if Sk(x) = Sk{y) for 
each /c e N. 

Proof. Surjectivity is the content of proposition |3.14[ so we only need to show 
injectivity. \i h € K and fc G N then 

Sk{h ■ x) = ^(ker(/i • x)^) 

= ^(ker(/i • x^) 

= £,(h ■ kerx'') 

^^{kerx'') 

= Sk{x). 

Therefore, if y £ Ox then Sk{x) = Sk{y) for each fc S N. 

Now, if Sk{x) — Sk{y) and we draw the colored Young diagram with the columns 
aligned on the left then the number of boxes in column k is equal to dim(kera;'°) — 
dimkera;'^"^. For a fixed color m, the number of boxes of color m in column k is 
precisely Sk{x){m) — Sk^i{x){m). If there is a box of color m in column fc > 1 then 
the box immediately to the left must be of color m-l- [1], so inductively the rows are 
uniquely determined, up to reordering entire rows. Therefore, the colored Jordan 
types of X and y are equivalent, so the map is injective. 

Finally, if the colored Jordan types of x and y are equivalent then Ox — Oy by 



(3) in lemma 3.10 □ 
Definition 3.17. li x E JV has colored Jordan type (A, e) then Sfc(A, e) = Sk{x). 
Corollary 3.18. The following are equivalent: 
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(1) (A, e) and {a, 13) are equivalent; 

(2) Ox., = O^^p; 

(3) Sfe(A,e) =Sfc(a,/3). 

If 71 = 1 then e is trivial, so we naturally obtain the classical parametrization of 
nilpotents by partitions. In this case, the signature of a partition is the same as its 
size. If rt = 2 then it is customary to use + and — as colors, rather than and 1, 
respectively, hence the terminology "signed partition." The signature of a signed 
partition is the pair (p, g), where p is the number of boxes containing a + sign and 
q is the number of boxes containing a — sign. 

Figure 2. A signed partition of signature (8, 10). This example 



is A = (5,5,3,2,2,1) and 
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4. The enhanced colored nilpotent cone 

Since the action of on F preserves V = UiGZ/nZ '^^ have a diagonal action 
of K on the enhanced colored nilpotent cone V x M. We have seen that K\Af 
is finite and is parametrized by '^^(y). We will show that this enhanced diagonal 
action also yields finitely many orbits and we will describe a simple generalization 
of that parametrizes these orbits. As was discussed earlier, the case n = 1 

was proved in [7] and [T], with orbits parametrized by bipartitions. The procedures 
and notation used in [1] prove to generalize particularly well in this context, so 
whenever possible we use them as a model in this exposition. 

4.1. Marked colored partitions. 

Definition 4.1. If (A, e) is a colored partition and A; is a positive integer then 

(1) A marking of A is a fimction /i : N — !■ Z such that /i^ < A^ for each i. The 
pair (A, fi) is a marked partition. For convenience we will frequently make 
use oi v — i/(A, p) — X — > 0. 

(2) The triple (A, e, p) is a marked colored partition. 

(3) If {A,/i) is a marked partition such that < /i^+i < and Vi+i < Vi for 
each i then (A,/i) is a bipartition and (A, e,/i) is a colored bipartition. 

(4) If — fc < /ij for all i and fij < fii + k and < i>i + k for each i < j then 
(A,/i) is a k -bipartition. 

(5) (A, e, /i) is a striped k-bipartition if (A,/i) is a fc-bipartition and + i/i = 
£j + Vj (mod k) for each i, j. 

(6) If (A, e,/L() satisfies — fc < /i^ for all i then (A, e, /z) is a generalized striped 
k-bipartition if < + k and < Vi + k for each pair i < j such that 

+ t^i = £_,- + Vj (mod fc). 
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If n = 1 then e is trivial, so when it is convenient we may simply express (A, e, fi) 
as the marked partition (A, /z). We visualize (A, e, /i) by drawing the colored Young 
diagram for (A, e) and marking the wall between boxes Hi, /Xi + 1 in row i. If /Zj < 
then we mark the leftmost wall in the row. As in the previous section, we think of 
the boxes in the diagram as elements of a colored Jordan basis B = {vij | 1 < j < 
Aj} for some x e Ox^c- We may refer to (A, e) as the shape of (A, e, /i). 

It is usually convenient to draw the marked colored Young diagram with the 
marks aligned. That is, the rows are shifted left or right as necessary so that the 
marks form a single vertical line. If /ij < then wc draw the left end of the row 
positions to the right of the mark. The marking divides the colored Young 
diagram into two sub-diagrams. If /x > then the sub-diagram on the left of the 
marks is the colored diagram corresponding to (/u, e + [u]), while the diagram on 
the right corresponds to (z^, e). Finally, (A,e,/z) is a colored bipartition if and only 
if {fi, e + [u]) and {v, e) are each colored partitions. 



Figure 3. The striped 3-bipartition defined by A = (5, 5, 3, 3, 2, 1), 
e = (2, 1, 1, 0, 0, 0), /X = (1, 3, 1, 0,-1, 1). Notice that, on each side 
of the diagram, each increase in length (from top to bottom) is less 
than 3. 
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Note that every striped fc-bipartition is automatically a generalized striped k- 
bipartition and every bipartition is a fc-bipartition. More generally, if Z > fc then 
each fc-bipartition is automatically an Z-bipartition. Furthermore, if A; = 1 then 
/Xi > and < + k => Hj+i < /Xj + 1, so /Xj+i < Hi. Similarly, v^+i < 
ijj + k Vi+i < Vi- That is, a 1-bipartition is just a bipartition. In this sense, 

a /e-bipartition is a deformation of a bipartition. The following lemma makes this 
idea precise. 

Lemma 4.2. // (A, /x) is a marked partition, define the marking ft of X by 
fii = max({jUj \j>i}iJ {Xi - Xj + /ij | j < i} U {0}). 

(1) (A,/(x) is a bipartition satisfying fi> i^. 

(2) // (A, 6) is another bipartition satisfying 6 > then jl <5. 

(3) (A, fj) is a striped k-bipartition if and only if < jl — ^ < k. 



Proof. 
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(1) It is obvious that )1 > fi. Now, for fixed i we have 

fli = max({^j I j > i + 1} U {Ai - Afc + /ifc \ k < i} 
U{ti,}U{0}) 

fli+i = max({^j I j > » + 1} U {Xt+i - \k + ^J.k \ k < i} 
U - A, + A,+i} U {0}). 

These decompositions make it clear that for each element in the set 
corresponding to fli+i there is an element of the set corresponding to fli 
that is at least as large. Therefore, fli > fli+i- A similar decomposition 
shows that A^ — fii > Aj+i — fli+i: 

Xi- fli = min({Ai - | j > « + 1} U {Afe - \ k < i} 
U{A, -^JU{A,}) 
Aj+i - Ai+i = min({Ai+i - f^j \ j > i + 1} U {Xk - fik \ k < i} 

U{A, -^,;}U{A,+i}). 

(2) Let (A, (5) be a bipartition such that S > fi. U j > i then Si > Sj > fij. 
Similarly, if j < i then 6i — Xi — (Ai — Si) > Xi~ (Xj ~ Sj) > Xi~ Xj + /ij — 
Xi — Xj + /ij. Therefore, 5 > max({/ij \ j > i}U {Xi — Xj + /ij | j < i}) — fli 

(3) Assume first that < /i — /i < k. Let i < j. Then /ij < flj < fli < fJ-i + k and 
Xj — jij = Xj — flj < Xj +k — flj < k + Xi— fli < k + Xi — /ii = Xi — ^i + k, so 
(A, /u) is an n-bipartition. Conversely, assume that (A, /j,) is an n-bipartition. 
If j < i then Xi — Xj +^j — Xi + k — Xi+fii < k + ^i. If j > i then /ij < ^i + k. 
Therefore, fli < fii + k and we conclude that < fl — ^ < k. □ 

Definition 4.3. If (A,/i) is a marked partition and 

fli = max{{fij \j>i}D {X, - Xj + | j < i} U {0}) 

then {X, fl) is the minimal bipartition associated to (A,//). 

As usual, we view two marked colored partitions as equivalent if one can be 
transformed into the other by reordering rows, along with corresponding marks. It 
is a simple exercise to show that if (A, e,/x) and (a,/3,7) are row equivalent and 
one of them is an striped n-bipartition then so is the other. Let 7^™ denote the set 
of equivalence classes of marked colored partitions of signature /. Let Q/ C VJ^ 
denote the (clearly finite) subset consisting of striped n-bipartitions. It will soon 
be important to consider a slightly stronger equivalence relation on marked colored 
partitions, so when clarity is required we may say "row-equivalence" to refer to the 
above relation. 

It is worth digressing here for a brief discussion of notation. It is common to 
define a bipartition as a pair (fi; u) of partitions and then define X = ji -\- v. This 
is done, for example, in yj. To be consistent with this choice of notation, we could 
define a colored bipartition to be a pair ((/i, (i/, e)) of colored partitions such 
that P = e + [v\. Alternatively, we could choose to denote this (/i, e). However, 
we find the notation in the definition, which emphasizes the underlying partition 
A, to be more convenient for our purposes here. 

Our parametrization of K\{V x N) will essentially be in terms of a set of marked 
colored partitions. In fact, to each element of 'P^(y) there corresponds an orbit in 
K\{V'kN). The set of marked colored partitions of signature ^(V) is infinite, but we 
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will see that the set of orbits corresponding to marked colored partitions is finite, so 
it is clear from the outset that there are many markings of a fixed colored partition 
that must be considered equivalent for the purposes of this parametrization. The 
construction we give will make it clear that if /i^ < then the precise value of fii 
is irrelevant. Thus, we can consider (A, e, /i) and (a,/?, 7) equivalent if there is a 
permutation cr of N such that a = Xoa, P = eoa^ and = [fi o (j)^ whenever 
7i > or (/i o a)i > 0. In other words, we are completely disregarding the value of 
/^i if fJ'i < 0. Let Vf denote the set of classes under this equivalence and let Q/ be 
the subset whose classes each contain at least one striped n-bipartition. 

If a signature / is fixed then Vf and Q/ are finite. This is because from each 
class in Vf we can always select an element (A, e, /i) with /i > 0. In fact, this 
element is unique up to row equivalence. However, certain calculations are easier if 
we select a different representative. We will never actually use representatives with 
fii < —n in this exposition, but the fact that each class is rich with representatives 
keeps notation simple and ensures a framework for easily stating and proving the 
theorems in this section. We observe here that each class in T'y is a union of classes 

We now explore the extent to which two striped n-bipartitions (A, e, fi) and 
(a,/3,7) can lie in different classes in Qf. By reordering we may assume a ~ X, 
/3 — e, and that if fii ^ 7^ then /i^ < and 7,; < 0. If /i^g > for some iq and 

< then ei + [A^ - [i^ = e,;„ + [A^^ - ^ij, so [^j] = - e^,, + [Ai - A^^ + ^^J and 
—n < /ii < 0. But this uniquely determines /i^. Therefore, if /i^ > for some i then 
there is only one equivalence class of striped n-bipartitions in each element of Qf. 
If, however, fj-i < for each i then the same calculation shows that /i is fixed once 
we have chosen a value of fj,i. Thus, there are exactly n (row equivalence classes of) 
striped n-bipartitions (A, e, ^) satisfying /i < 0, determined by m = ei + [Ai — /ii]. 

Definition 4.4. Let (A, e, /i) be a marked colored partition and fix to e Z/nZ. For 
each i let 6i = max{fc G Z | fc < /i^, + [Aj — k] — to} and let (A, p.) be the minimal 
bipartition corresponding to (A, /i). Define pm ■ V™ V^ by Pm{X, e, p) = (A, e, S) 
and p : T'}" ^ Vf by p(A, e, /i) = (A, e, /i). 

It is clear that pm and p are simply processes that produce a new marking of a 
given colored partition. In terms of our diagrams (with marks aligned) , pm modifies 
the picture by shifting each row to the right just until each column consists of a 
single color and the column immediately to the left of the marks has color to. On 
the other hand, p shifts rows to the left just far enough to produce a bipartition. 
Note that pm o p^ = p„ and that (p™ o p){X, e, /i) = (A, e, p) if and only if (A, e, p) 



is a striped n-bipartition and e + [A — /i] = to. With this notation, lemma 4.2 
be restated as follows: 

Lemma 4.5. A marked colored partition (A,e,/i) is a striped n-bipartition if and 
only if there is a color m satisfying e + [X — p] — m and (A, e, p) = Pm{X, e, S) for 
some colored bipartition (A, e, (5). Moreover, among such markings S of X there is a 
unique minimal marking p of X such that p(A, e, p) = (A, e, p) is a colored bipartition 
satisfying p < S for each i. 

In other words, pm and p are inverse bijections between the set of striped n- 
bipartitions (and their corresponding equivalence classes) and the corresponding set 
of minimal colored bipartitions. We will employ either of these sets as convenience 
dictates. 
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4.2. Normal bases. We now show how to construct an enhanced ivT-orbit from a 
marked colored partition. 

Definition 4.6. Let (A, e,/i) be a marked colored partition and let x E Oa.c- Let 
B — {vij} be a colored Jordan basis for x of type (A, e). Extend this notation, 
setting Vi_j = if j < 0. Define 5'(A,e,^) = Oy^^, where v — Yli=i "i.^'i- 

It should be clear that 5" : V ^y) ^ V x Af is well-defined. As was mentioned 



above, 'P^y) is finite. Corollary 5.9 implies that if n = 2 and dim Vb = dim Vi ^ p 
then dim A/" — 2p^ — p, so dim x Af = 2p^ + p. Since d\mK = 2p^ there is no 
hope that K\{V x Af) is finite, so ^' is clearly not surjective. This is the case in 
general if n > 1. We will, however, see that K\{V x Af) is always contained in the 
image of 

Our goal now is to determine when two marked colored partitions are in the 
same fiber of ^. As might be guessed from the terminology introduced earlier in 
this section, the answer is related to striped n-bipartitions. We will see that if 
O € K\{V X Af) then the fiber of ^E* over O consists of a single class in Q^^v)- 

Definition 4.7. If {v,x) e V xAf then a normal basis for (w, x) is a colored Jordan 
basis B = {vij} for x such that if (A, e) is the type of B then there is a marking fi 
of A such that 

i(A) 

(1) V = J2'"^,I^^' 

1=1 

(2) (A, e, /i) is a generalized striped n-bipartition. 

In general, not every element of V x Af admits a normal basis. In fact, if (f,x) 
admits a normal basis with corresponding generalized striped n-bipartition (A, e, fjf) 
then ^'(A, e, fi) — Oy_x- So, if (v, x) admits a normal basis then Oy,x is in the image 
of 5". We will see that the converse is true, as well: if Oy^x is in the image of ^' 
then {v,x) admits a normal basis. As a first step, we observe the following lemma, 
which suggests that the existence of a normal basis is an important orbit invariant. 

Lemma 4.8. // {v,x) admits a normal basis then so does each element of Oy^x- 
Conversely, if{v,x) and {w,y) each admit a normal basis corresponding to the same 
generalized striped n-bipartition then Oy^x — Ow^y. 

Proof. Let S be a normal basis for (w, x) with corresponding generalized striped 
n-bipartition (A, e, /i). If k ■ (v,x) — {w,y) then k ■ B is a normal basis for {w,y) 
with corresponding generalized striped n-bipartition (A, e,/i). Conversely, if we fix 
normal bases for {v,x) and (w^y) corresponding to the same generalized striped 
n-bipartition then the obvious change of basis transformation lies in K. □ 

Definition 4.9. Let (A, e,/j,) be a marked colored partition and let B = {I'ij} be 
a colored basis of type (A, e). Then we write 

B^ = £B\1<3< fi,}. 

Lemma 4.10. Let x E Af have a colored Jordan basis B = {vij} of type (A, e) and 
let PL be a marking of X. Then 

(1) (S'') is colored and x -stable; 

(2) is a colored Jordan basis for xj^gn) of type {fi, e + [\ — p]); 

(3) B\B^ is a colored Jordan basis for a;|y/^gM) of type (A — p, e); 
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(4) If iJi e {0, Ai} for each i then (B^ ^) is x-stahle and xj^gA-M) and x\v / (bi^) 
have the same colored Jordan type. 

We may speak of deleting a row or collection of rows from a partition, colored 
partition, or marked colored partition. Let : N — > N be defined by 

i < k 
1 i> k. 



i^k{i) 



To delete row k from (A, e, /i) is to construct A^;(A, e, /i) = (Ao ij,, eo tj,, tj,). The 
deletion of row k from a partition or colored partition is performed analogously. If 
5' C N is finite, we may delete from (A, e, /i) all the rows indexed by elements of 
S in the obvious way: Let oi < 02 < • • ■ < be the elements of S. We simply 
construct A5(A,e,/i) = (A o t, e o t, /i o i), where l — ° ■ ■ ■ ° i^a^- The order of 
the composition is significant here, because tk and Lk' do not commute if A: 7^ fc'. If 
k' < k then Lk o t^,/ = Lk'+i o Lk- 

Lemma 4.11. Let B = {vij} be a normal basis for {v,x) G V x J\f with corre- 
sponding generalized striped n-bipartition (A, e, /i) and let S C {1, . . . , ^(A)}. // we 

{A ■ i d S 
' and A = (B^) then B^^^ is a normal basis for (v + A,x) £ 

i<^S. ^ ' J \ ^ > 

(V/A) X M{V/A) with corresponding generalized striped n-bipartition A5'(A, e,/x). 

Theorem 4.12. 



(1) The image of ^ (definition 4-6) is precisely the set of enhanced K-orbits 



whose elements admit a normal basis ( definition |^. That is, each fiber 



of ^ contains a generalized striped n-bipartition (definition 4-1)- 
(2) ^1 : Q^[v) K\{V X TV) is a bijection. That is, 

(a) If O & K\{V X J\f) then O & K\{V x M) if and only if there is a 
striped n-bipartition (A,e,/J,) such that ^'(A, e,/Lt) = O; 

(b) // {v,x) e V X ^>f and v 7^ then any two striped n-bipartitions that 
correspond to O^ x identical, up to permuting rows. 

(c) If X £ Af and v — then the striped n-bipartitions corresponding to 
Ov,x o,fe precisely Pm{X, e, 0), where (A, e) is the colored Jordan type of 

X. 

Proof. We use the proof in [T] as a model. In fact, the only obstacle to following this 
proof exactly is that we must be careful to preserve the colored structure of V . The 
procedure described below gives a simple algorithm for producing the generalized 
striped n-bipartition associated to [v, x) €V x N . 

To prove (1) we observe, first of all, that if Oy^x — ^'(A, e, fj) then we can trivially 
assume that //^ > — n for each i. Let B = {fij} be a colored Jordan basis for x of 
type (A,e) such that v — "^Vi^fj^.. We will iteratively modify B until iij < fii -\- n 
and h'j < Vi -\- n for each i < j such that + [vi] — Cj + [vj\. Suppose there exists 
a pair i < j that fails. Note that, since /i^ -\- Vi — \i and Ai > Aj, we cannot have 
both + n < 11 j and Vi -\- n < Vj. 

If -\- n < jij then for each r define 

{Wi,Ai,+n+Wi,Ai, k^i 
Vj^r "^ijT—fij+tii+n k = j 
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Then {wij} is a colored Jordan basis for x of type (A, e) and 

k k^i 

Therefore, we have effectively redefined fii to be fii + n, leaving fi otherwise un- 
changed. Pictorially, we have moved the mark in row i to the right by n positions. 
If f j + 71 < Vj , define 



Wk,r 



By similar reasoning, this effectively redefines fij to be /ij + n. Pictorially, we have 
moved the mark in row j to the right by n positions. 

We repeat this step as long as it is possible. The condition + [vi] — ej + [i^j] 
ensures that this change of basis can be accomplished by an element of K. The 
condition A; > Aj plus fii + n < fij (resp. Vi + n < Vj) ensures that each iteration 
results in a valid marking of A, i.e., fii < Xi for each i. Each iteration also increases 
the quantity J2i Ai>oA*i ^ I'^l: so this process must eventually terminate, yielding 
the appropriate inequalities. Note that each iteration also preserves the quantity 
e+[\- fi]. 

To prove (a) we fix {v,x) ^ V x J\f and let B ~ {vij} be a colored Jordan basis 
for X of type (A, e). If u = then Oy,x — ^(Pm(A, e, 0)) for each m. Otherwise, set 
™ = x{'")i V = X^ij o.i,3'"i,j^ a-nd Vi = Y^j By applying (6) from lemma 3.4 

to each Jordan block, noting that Vi is colored, we may assume that Vi^\. is colored 
and Vi = x'^^Vi^x- for some < i^i < Xi. If 7^ then xi'^^i) = Otherwise, 
redefine Vi = min{i G Z \ t > Xi,ei + [t] — m}. Then ^(A, e,/i) = O^^x, where 
fi = X — V. Note that by construction we have e + [A — /i] = m, so the algorithm in 
(1) yields a striped ri-bipartition. 

We now wish to show that ^Ig^^^^ is injective. Let G V x M and let 

B — {fi.j} be a normal basis for {v,x) with striped 71-bipartition (A, e,/i). Since 
V = Xj it is clear that if w = then Hi < 0. But if a color m is fixed then for 
each i S N there is a unique fii satisfying —n < fJ,i < and + [A;] — [fii] = to, so 
(A, e,/u) = Pm(A,e, 0). As to varies, these striped n-bipartitions all lie in the same 
equivalence class in Q^(v) and (c) is proved. 

We may, therefore, assume that v ^ 0. Since v — w^^^ . , lemma 3.4 implies 



that dimF[a;](i;) — max{/ii \ I < i < ^(A)}. Therefore, there is an integer i with 
fii = dimF[x](w). Since (A, e,/z) is an n-bipartition we have [dimF[a;](?;)] = [fii] — 
(■i + [Xi] — xi"^)- We can, therefore, set k = min{i | a + [Xi] = [dimF[a;](w)] + 
noting that this expression is independent of fi. By congruence there is an integer 
j such that fik = IJ'i + jn. But k < i, so fik + n > fii, so jn > — n, i.e., j > —1, 
hence ^ > and fik 1^ fJ-i = dimF[a;](i'). But maximality of fii forces fik < fii = 
dimF[x](t;). Therefore, fik = dimF[a;](u). In other words, the marking of the 
longest row of (A,e) satisfying Ck + [Xk] = [dimF[x]('y)] + x(t') is forced upon us. 
Set S — {k} and build A as in lemma [4.11 Then Ak{X,€,fi) is a striped n- 



bipartition that corresponds to a;|y/^. Inductively, the striped n-bipartition corre- 
sponding to x[y^yi is unique, so fii is also completely determined if i =/= k. There is 
one case that must be considered carefully. If t; e yl then v + A E V/A is the zero 
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vector. We saw above that there are n markings 6 of Ak{X, e) that are vaUd in this 
case. However, there is only one satisfying e + [X — d] = m, proving (b). □ 

Corollary 4.13. If m G TLlnL is fixed then K\{Vm x M) is in bijection with the 
set of striped n-bipartitions (A,e,/i) of signature C(^) such that e + [X — fi] — m, 
via the map ^. 

Corollary 4.14. Let (A, e) be a colored partition and let m G TLjnTL. Then 

(1) X Ox,e = U Oa,.,;. 

€+[A— /i]— m 
(A,e,/^)eQ5(v,) 

(2) Op„(A,.,0) = {0} X O;,,, - O;,,,. 

4.3. Connections to classical orbits. 

Proposition 4.15. Let m G Z/nZ and let (A,e,//) be a marked colored partition 
satisfying e + [X — fj] — m. Let (A, e, p,) be a striped n-bipartition that shares a fiber 
of^ with (A,e,pi). Then p(X,e,fi) = p(A,e,/i), so {X,e,p.) = p,n{p{X,e, fi)). 

Proof. Let S he a markin g of A obtained from /i by one step of the iterative portion 




of the proof of theorem 4.12 Let (A, e,/i) — p(A, e, ^) and (A, e, J) — p{X,e,6). 
We wih show that fi = 5. Therefore, for a fixed orbit the marking fi is the same, 
regardless of the representative marking used to construct jl. 

If (A, e, ^) is not a striped n-bipartition then there exist s < r with either fig+n < 
Pr or i^s + n < We need to show that if 5 is constructed in either of these cases 
then 6 — p. The second case is entirely analogous to the first, so we will only prove 
the first case. Assume that s < r and ps + n < r. Then 

Sk = 

The formulas for p and 5 make it clear that p < S. On the other hand, the 
same formulas show that if 6^ > Pk then either k < s and — ot k > s and 
= + Xk — Xg. We divide our effort into three cases: 

(1) If fc < s then k < r and 6k = Ss = Ps + n < pr < pk- 

(2) If s < fc < r then 6k = 6^ + Afe — A^ < 6^ = ps + n < pr < pk- 

(3) If fc > r then 4 = 6s + A^ - A^ = Ps + n + Xk - Xs < Pr + Xk - A^ < 

Pr + Xk — Xr < Pk- 

In each case we have a contradiction, so 6k < Pk for each fc and we have 6 = p. 
Inductively, we just need to apply an adequate number of iterations until we arrive 
at the striped n-bipartition. The last claim follows because pm ° P fixes striped 
n-bipartitions. □ 

Corollary 4.16. If e + [X — p] = e + [X — 6] = m then OA.e.^i = C'A,e,(5 «/ o-nd 
only if p(A, e, p) = p{X, e, 6). So, if m is fixed then K\{Vm x J\f) is parametrized by 
minimal bipartitions. 

Lemma 4.17. Let k be a divisor of n and let (k ■ Z/?iZ — ;> Z/fcZ be the natural 

n/k 

projection. For rn G Z/fcZ define Wm — Vi. Then 
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Figure 4. All the orbits in K\{Vo x Af), for n 2 and signa- 
ture (2,2), parametrized by signed n-bipartition and ranked by 
dimension. The bottommost orbit is zero. The next orbit up has 
dimension 2. The topmost orbits each have dimension 8. An edge 
indicates that the lower orbit lies in the Zariski closure of the upper 
orbit. 




ri 



(1) (y, H^[o], • • • , W^[fc_i]) is a k-colored vector space. 

(2) If X £ Af then xWm C VK„i+[i] for each m e Z/kZ. 

That is, X is colored relative to the subspaces Wi. Moreover, K naturally embeds 
in GL{Wo) X ■■ ■ X GL(W„_i). In other words, if we reduce the number of colors 
to k (combining all colors that are congruent modulo k) then we get a new colored 
nilpotent cone and we can view x inside this larger cone. Since the identity map 
V ^ V is if-equivariant, we have an induced map $fe of orbits. On the other hand, 
we have an obvious map of marked colored partitions that reduces the mimber 
of colors to k: (j)k{X,e,ii) = {X,Ck ° £)A*)- Unsurprisingly, these two maps are 
compatible. The case A; = 1 is especially illuminating. 
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Proposition 4.18. // (A, e, /i) is any marked partition then \l/ o = $fe o \1>. That 

is, $fc(OA,e.p) = ^^.(A.e.M)- 

Corollary 4.19. // (A, e, /i) is a striped n-bipartition and the minimal hipartition of 
(A,/i) is (A,/i) then 0i(A, e,/i) — (X,/!), the hipartition given by Achar- Render son. 

On the other hand, we have a natural if-equivariant projection 6 -.V y. N ^ N . 
It should be clear that 0(0^,6, /x) = OA.e- In other words, our parametrization is 
well-behaved relative to each setting that we are trying to generalize. It projects 
in the most natural way possible to the colored nilpotent cone and to the setting 
explored in p^. 

4.4. An alternative parametrization of enhanced orbits. Fix an orbit O in 
the image of and let (A, e) be the corresponding colored partition. Then 

5*0 = {m > a marking of A | *(A, e, /i) = O} 

is partially ordered by the rule 5 < ^ li 5i < fii for each i. Since So is finite 
and nonempty. So has at least one minimal element. A primary objective of this 
subsection is to show that the minimal element is unique up to row equivalence. 
Throughout this subsection, if /i e So then let fi S So be defined by the usual 
formula fii — max ({/ij \ j > i}U {Xi — (Xj — /ij) | j < i}). 

Lemma 4.20. If fi Cz So is minimal and i < j satisfy /i^ > 0, /ij > 0, and 

Ej + [Xj — /ij] = ti + [Xi — /ii] then fii > and Xi — fj,i > Xj — fij. In particular, 

X, > Xj + 2. 

Proof. Define 




If Hi < Hj then 5 < /i and the algorithm in theorem 4.12 shows that 5 € S. 
On the other hand, if A^ — Hi < Xj ~ [ij then 7 < /i and 7 S S*. In either case, 
minimality of \x is violated. Now, if /i^ > \Xj and Xi — [n > -^i ^ /^j then [li 2i Mj + 1 
and Xi — Hi ^ -^j ~ P"! + 1- We just add these two inequalities to prove the last 
claim. □ 

Lemma 4.21. If h ^ So is minimal and /i^ > then fli — Hi- 



Proof. By lemma 4.20 ii j > i then Hj < A^ij so Hi = maxjA^ — (Xj — Hj) I j 5: 
i} — Xi — min{Aj — Hj I J 5; *}• Again, the lemma shows that ii j < i then 
either Hj ~ 0; so Xj — Hj = ^j ^ Xi > Xi — Hi, or Aj — Hj > \ ^ f-i- Therefore, 
min{Aj — Hj \ j l£ i} = Xi — Hi ^-nd the claim is proved. □ 

Theorem 4.22. Let O be in the image of^! and let (A, e) he a corresponding colored 
partition. Then 

(1) There is a minimal marking h of X satisfying 

(a) ^{X,e,H)^0; 

(b) H > 0; 

(c) If 5 < H is any marking of X satisfying (a) and (b) then 5 = h- 
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(2) // /i satisfies (a) and (b) then there exists 6 < ^ that is minimal in the 
sense of (c). 

(3) If n and 6 are each minimal then (A,e,/i) and (X,e,S) are row- equivalent. 

(4) // fi satisfies (a) and (b) then /i is minimal if and only if fii > fij and 
Xi — fii > Xj — fij for every pair i < j satisfying fii > 0, fij > 0, and 

+ [^] - Mj] =f'i + - Im]- 

Proof. Claim (1) is just a restatement of the fact that 5*0 contains at least one 



minimal element. Claim (2) follows from the proof of lemma 4.20 once we have 



proved (4). We will show that any and S satisfying the inequalities given in (4) 



must be equivalent. The rest follows immediately from lemma 4.20 because any 
minimal marking must satisfy these inequalities. 

We begin with the case O £ K\{V x Af). Fi rst, o bserve that ^(A, e, ^) = 



^'(A, e, S) forces fi = 5. So, if /i^ ^ 5i then by lemma 4.21 exactly one of these must 
be zero. Let i be the smallest index with /i^ ^ 5i. We may assume with no loss of 
generality that > and Si = 0. 

Since 5i = — > Q — 5i, there is either k < i with Aj — (A^: — 5^) = or 
j > i with Sj = ^i. In the first case, Xi — jii = Xk — 5k. By minimality of i we 



have fik = Sk, so A; — //^ = Xk — fJ-k- By lemma 4.20 we must have fik = 0, so 
A/c = Ai — /ii < Ai, a contradiction. 

We conclude that there exists j > i with Sj = fii > fij, so fij = 0. Now, if fc > j 
is arbitrary then fik < fii — fij, so p,j — max{Aj — (A^ — fik) \ k < j}. Therefore, 
there exists k < j with fii ~ Xj — (Xk ~ fJ-k) < fJ-k, hence fik > and k < i. Now, 
fii = Xj - {Xk - fik) < Xi - {Xk - fik), hence X^ - fii > Xk - fik- Since > and 
fik > 0, we must have k > i. 

Since k — i we have fii = Xj — {Xi — fii), hence Xj = A^. Now, ej + [Xj — fij] = 
Ci + [Xi — fii], so ej = Ei + [fij — fii] = ei + [Sj — fii] — e^. Therefore, rows j and i 
of (A, e) are identical. By swapping rows i and j of S we obtain a new marking of 
(A, e) that is minimal and agrees with fi for all rows k < i. The result follows by 
induction. 

For the general case, let x G Oa.e and let B ~ {vij} be a colored Jordan basis for 
X of type (A, e). If we write f = ''^i,iH ^'^^ — Vi g. then there is an element 
k £ K such that k ■ x — x and kv = w. For each m G 'L/n'L, write 



ST = 



otherwise; 

Si ei + [Xi - Si] =m 
otherwise. 



Set Vm = S'^'i.Mr ^"^^ '^^ = Z]^i:<5r- Then w = ^ u„ and w = J2wm- It is 
evident that kv = w, so {v,x) and {w,x) lie in the same orbit in K\{V x J\f). But 
fi™ and S"^ are minimal by (4), hence (A, e, /i'") and (A, £,5™) must be equivalent 
by (3). This shows that we need only reorder the rows color by color to get the 
result we desire. □ 



Let V'n denote the set of equivalence classes of marked n-colored partitions. We 
define a binary operation U : x — >■ as follows. Let (A, e, fi) and {a, /?, 7) 
be representatives of elements of P™. We can define {X,€,fi) U {a,(3,'-f) to be the 
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equivalence class of (A(A, a), A(e, A(/i, 7)), where 

Hf,g){i) 



f{i/2) i even, 

g{{i + l)/2) i odd. 



In other words, we interlace the rows of the two objects and then permute them to 
form a colored partition. 

The operation U is well-defined on equivalence classes and defines an Abclian 
monoid structure on P™. What is more, it is evident that the signature is a monoid 
homomorphism: 

C((A, e, n) U (a, /3, 7)) = ^(A, e, + ^(a, /?, 7)- 

The set Vn of n-colored partitions is naturally a submonoid of via the embedding 
(A,e) I-)- (A, e, 0). Also, if fc is a divisor of n then (pk '■ "P™ is a surjective 

monoid homomorphism. 

If /X is a minimal marking of A as given in the theorem then there is a well-defined 

way of decomposing (A, e, /i) by selecting exactly those rows with nonzero marking. 
Let A = {i en \ Hi > 0} and B = {i e N \ Xi > 0, iJ,i = 0}. Then 

(A, e, fj,) = As(A, e, /j,) U Aa(A, e, /x). 

We call As (A, e, fi) the characteristic generalized striped n-bipartition of (A, e, 7). 

If we set (a, /3, 7) = As (A, e, /x) then 

(1) 7i > for each 1 <i < l{a) ; 

(2) 7j > 7j and aj — 7^ > — jj for each (i, j) satisfying 1 < i < j < l{a) and 

A + [a^-Ji] = Bj + [a-j-jj]. 

If Pi + [ai — ji] = /3j + [aj — 7j] for each I < i < j < l{a) then we simply call 
AB(A,e,/x) a characteristic bipartition. 

On the other hand, if we set (0,^,7) = Aa(A, e, /u) then 7, = for each i. So, 

wc have the following result: 

Corollary 4.23. The product U defines a bijection onto the image of 4" from the 

set of pairs ((A,e,/i), (a,/?)) G 7^™ x "Pn t/ioi satisfy 

(1) ^(A,e) + C(a,/3)=^(y); 

(2) (A, e, /x) «s a characteristic generalized striped n-bipartition. 

Corollary 4.24. K\{V xAf) is in bijection with the set of pairs ((A, e, h), (a, p)) e 
T-'n ^ 'Pn with e) +^(a,/3) = ^(F) and (A, e, /x) a characteristic colored biparti- 
tion. 



5. The dimension of an orbit 

In this section we construct elementary formulas for the dimension of an orbit 

in K\N or K\(y x N). This enables us to easily compute the dimension of an 
orbit directly from a corresponding combinatorial parameter (colored partition or 
striped n-bipartition). We begin by presenting a few examples that are well known. 
We then construct a single formula that has each of these examples as a special 
case. As a consequence, we will obtain a simple formula for the enhanced signed 
case n = 2. 
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5.1. Known examples. By way of comparison, we present a few relevant examples 
from classical theory. We begin with a convenient formula. If A is a partition and 
A* its transpose then we define 

i(A) l(X) 
,?(A) = ^(z-l)A,: = ^r' 

'i=l i=l ^ 

It is well known that G = GL{V) acts on the set of nilpotent endomorphisms 
of V by conjugation. In our formulation, this is the case n = 1. The orbits are 
parametrized by partitions A of size k = dim V and the dimension of the orbit 
corresponding to A is given by 



/(A) 



^ ^ i=i 
We discussed earlier that if n = 2 then K\J\f is parametrized by signed partitions 
of signature (dim Vb, dim Vi), hence of size k — dimVo + dimVi ~ dimV^. From 
classical theory we know that the dimension of the orbit corresponding to (A, e) is 
given by 

dimO^,. = - r]{X) ^ ^dimOx ^ ^dimMOx,e)- 

Lastly, we mention the formula given in [IJ (n = 1, once again). If G = GL{V) 
acts on F X A/" by conjugation (where here Af includes all nilpotent elements of 
End(V^)) then orbits are parametrized by bipartitions {p,\v), where X = + v is 
any partition of size k = dimV. The dimension of an orbit 0^;^ G G\{V x M) is 

dimO^;, = dimOA + ImI = dimOA = ^Q) - 2?7(A) + 

5.2. The dimension formula. In the signed case one might guess, by analogy 
with the examples given above, that if (A, e, ^) is a striped 2-bipartition (or perhaps 
a related signed bipartition) then dlu^Ox,e,^^ = ^dimO^ + \\^J'\ = \0^^x-fi- It is 
obvious from the outset, however, that this would be overly optimistic as there is 
no guarantee that this is even an integer. We will see, however, that the correct 
formula is as close to our guess as could reasonably be hoped. 

We once again find the Achar-Henderson strategy to be an excellent model for 
proving the general case. The following definitions and lemmas are entirely anal- 
ogous to theirs. We just need to make a few minor changes to adapt them to our 
needs. 

Definition 5.1. For fixed {v,x) <eV k N we define the following auxiliary sets: 
E- = {V^ End(l/) I yx = xy), 
E-^- ^{yeE-\yv^Q}, 

F- = {yeE^\ y{V,) C FJ, 
i^"^^ = {y g y • w = 0} = S"'^ n F^, 
K"" ^ F'-' r\K ^ E^ r\K, 

Note that F^, F^^^, F^ , and F"-"" are all linear spaces and that and K^'^ are 
subgroups of K. 
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Proposition 5.2. // {v,x) e V x J\f then K'^ and K'"'-' are connected algebraic 
groups and 

dim = dim - dim , 
dim Oy^x = dim K - dim + dim F'^v. 

Proof. K acts transitively on Ox, so Ox — K/K^, hence dimO^; = dimii'— dim/C^. 

Now, is the principal open siibvaricty of (clearly connected) determined by 
det, so is connected and dimiC^ = dimF^. Therefore, dimOj, = dim if — 
dim F*. 

Similarly, ^ fsT/if^'^, hence dimO^,^ = dimif - dimif"^^. iiT"'^ is the 

principal open subvariety of {y G F^ \ y ■ v = v} (which is isomorphic to F'"'^ 
via the map y i-^ y — 1) determined by det. Therefore, K'"'^ is connected and 
dim_K""'^ = dimF"'^, so dimO„,a; = dimK — dimF"'^. Lastly, the multiplication 
map F^ — >■ F^v defined hy y i-^ y ■ v is linear and surjective, with kernel equal to 
pv,x_ gy |.jjg rank-nullity theorem, dimF^u + dimF"'^ = dimF^, so dimO^^a, = 
dimif-dimF^ + dimF^t;. ' □ 

Proposition 5.3. Fix x G Af and let B = {vij} be a colored Jordan basis for 

X of type (A,e). For k,a,b G N satisfying 1 < a < Z(A) and 1 < h < Aq} let 
yk,a,b denote the linear endomorphism of V defined by yk,a,b{vk,j) = Va,b+j-Xk C'f^d 
yk,a,b{'"i,j) = Oifi^k. Then 

(1) F^ has basis Be = {yk,a,b \ 1 < fc, a < Z(A), 1 <b < min{Ao, Afe}}, so 

k=l 

= dimy + 2r?(A). 

(2) F^ has basis Bp = {yk,a,b G Be \ ea + [Aa - b] = ek}, so 

1{X) 

dimF^ = J2sxd^){ek). 

k=l 

Proof. 

(1) If y e F^ then yvij = yvi^x,-(\i-j) = yx^'~^Vi^Xi = x^'^'^yVi^Xi, so y is 
determined by the values of yvk^Xk ■ Write 

V^kM = ^(ii,jVi,j = ^aijyk,i,j{vk,Xk), 

so the span of the set of yk,a,b certainly contains F^. That this set is linear 
independent follows from basic linear algebra. Therefore, 

= 2/ • = yx^''Vk,\k = x^''yvk,\^ = ^ aijVij-Xk- 

By linear independence, if a^.j ^ then j — A^ < 0, hence j < Afe. We 
conclude that E^ is contained in the span of Be. It is easy to verify, 
however, that each element of Be lies in F^. 
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It is clear, then, that 
1{X) 1{X) 

dim = ^ ^ #{6 I 1 < 6 < min{A„, Afe}} 

fe=la=l 

k=l a=l fe=l o=fe+l 

= EE^^+E E ^« 

fc— 1 a— 1 /c=l a=fe+l 

i(A) KA)a-l 

= E^^fc+EE^« 

fc=l a=l;c=l 

;(A) ;(A) i(A) 

= E + E(^ - + E(« - 

fc=l fe=l a=l 

= dim F + 277(A). 

The other formula for dimii^^ follows from the fact that E^Vk^x^ = 
ker . 

(2) If yk,a,b € then = xIi'/c.aJ = XiUk.a.bVk.xJ = X(^^a,6) = Ca + [Aa - b]. 
We already know that such elements of Be are linearly independent and it 
is a quick exercise to verify that they are in F^. The dimension formula 
should be clear once we observe that for fixed k the set {yk,a,bVk,Xk} is a 
basis for ker x^'' n . □ 

Proposition 5.4. Let (?;, x) G V x J\f. Let B = {vi j} be a colored Jordan basis for 
X of type (A, e) and write v = ^ 0'i,3''^i,3 ■ Por convenience, set Oij = 1 if j < 1. For 
each m &Z/nZ we define a marking of X: /z™ = max{j G Z | mj ^ = m}. 

We also define Hi = max{j £ Z | ^ 7^ 0} = max{/i™ | m e lijnl?^. Let the 
corresponding minimal bipartitions be (A,/i"') and (A,/i). Then 

(1) B'' is a colored Jordan basis for E'^v. In particular, E^v is colored and 
x-stable, with £,{E^v) = ^{n, e + [A — u]), so dimiJ^t; = 

(2) 1^ ^S'' n Vm^ is a colored basis for F^v. In particular, F^v is colored 



and x^-stable, with ^m{F^v) = ^ 



W r..rnn n-1 HX) p 

, so dim(f ^z;) = ^ ^ 

m=0 i=l 



AC 
n 



n 



Proof. The proof of (2) should be clear once we have proved (1). Since x e E'^ it 
is clear that E'^v is a;-stablc. Now, yk,k,XkV = J2 "■i,3yk,k,XkVi,j = Y^ak,jVk,r Set 
Vk = Tli'^kjVkj- It is clear, then, that E'^v = E'^vi + • • • + E^vk^x)- So, we may 
assume that v = Vk lives in a single Jordan block. 

Since E^v is a vector space, wc may assume that afe.^^ = 1. Now, y = yk.k.x^ ~ 
(i'k,nk-iyk,k,Xk-i is in E^- But yv has no ?;ft,juj._j-component. By a similar con- 
struction, we may successively eliminate each component of Vk, leaving Vk,,^^- In 
other words, we have shown that ffe.^^j. G E^v. But then by x-stability wc have 
Vkj G E^v for each I < j < Hk- This also shows that some subset of ;B is a basis of 
E^v. 
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Now, suppose that Vi,j e E^v, with j > fii. This occurs precisely if there 
is a fc 7^ i with a choice of a,b such that Vi j = yk,a,b'^k,^Lk — ^a.b+t^k-^^k 
1 < 6 < minjAa, Afc}. Obviously, we must have a = i and j = b + iik — Afe, with 
1 < 6 < min{Ai, A/c}. Substituting, we have 1 < j + At — /ife < min{Ai,Afe}. If 
k < i then we have j + Xk ^ fJ-k < or j < Xi — {Xk — fJ'k)- li k > i then 
we have j + Xk — Hk < Xk, or j < fik- Therefore, u^j € -E^w if and only if 
j < max({/ifc \ k > i}U {Xi — {Xk — Mfc) I ^ < «})• I'^ other words, j < jli. 

The remainder of the claims follow immediately. □ 

We pause here to observe that propositions |5.4| and |4. 15| give an alternate proof 
that the striped n-bipartition associated to O is unique. Proposition |5.4| gives a 
canonical interpretation of (A, e, jl) that shows it is an orbit invariant. Proposition 
4.15| shows that any striped n-bipartition corresponding to the orbit must be equal 



to p(A, e, /i), hence is completely determined. Similarly, if (A, e, /x) is a striped n- 
bipartition corresponding to {v,x) and W = V[x\{F^{v)) then x\w has colored 
Jordan type (/i, e + [A — /i]). 

Corollary 5.5. If {v,x) V x J\f corresponds to the striped n-bipartition (A,e,/i) 

l(X) 

then dim F'' V = J2 \— ■ 

i=l " 

Corollary 5.6. Let (A, e, /i) be a striped n-bipartition with (A, e, jl) ~ p{X, e, /i) and 
set u = X ~ jl and t = e -\- [u\. If {v,x) € V x Af then (u, a;) € Ca,c,/^ if and only if 
x\e^v has colored Jordan type (/i, e) and x\v/e^v has colored Jordan type (t', e). 



Proof. The proposition, plus lemma 4.10 tells us the colored Jordan type of xIe'^v 



and of xIy^e'^v Conversely, if x\e^v and of x\y/E^v are determined, there is only 
one way to pair them to get a colored bipartition, so the striped n-bipartition is 
determined, as well. □ 

Corollary 5.7. // (A, e, /i) is a striped n-bipartition and s is as given in definition 



3J7\ then 

dimO^r = ^ (dimFi)^ - s\^{x){ek), 



k=l 



i{x) ;(A) 
dimO„,^ = ^ (dimFi)^ - ^ s\^{x){ek) ' ' 



k=l 1=1 



Corollary 5.8. If n = 1 and (A,e,/i) is a striped 1-bipartition (bipartition) then 
dimO;,,, = 2(^'^™^^ "2,7(A), 

dimOA,e,M = 2(^'^™^) - 2??(A) + 

Proof If n = 1 then F"" = E"" . □ 

Once again, we recall that if n = 2 then we customarily use + and — in place 
of and 1, respectively, as the colors that decorate our partitions. So, by a signed 
2-bipartition of signature (p, q) we simply mean a striped 2-bipartition that has p 
boxes labeled with + and q boxes labeled with — . 
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Corollary 5.9. If n ~ 2 then orbits in K\{V x Af) are parametrized by signed 
2-bipartitions. If {X,e,fi) is a signed 2-bipartition then 

;(A) 
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